L

Statistical .Bulletin

DETROIT RESEARCH INSTITUTE

15224 KERCHEVAL AVE. @ GROSSE POINTE PARK, MICHIGAN 48230 @ (313) 489-11S0

Leonard G. Johnson, EDITOR

Vol. 1 November, 1971
Bulletin No. 6 _ | Page 1
RELIABILITY OPTIMIZATION
IN COMPLIANCE TESTING

Assuming N items tested annually with all of them passing.
Questions: (1) What is the optimum reliability?

(2) What is the optimum annum test sample size N?

ANSHERS

I: For a go - no go model

(1) Ry, = 1- (Optimum Reliability)
- T°F (P1-Po)

TCr (P - Py )
(2) Nopt. = - - 2 (Optimum Sample Size)
T
Cr = Cost of testing 1 item
Cp = Cost per socially bad result

Po = Probability of a socially bad result for all items which comply

Probability of a socially bad result for those items which do
not comply . ; '
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Total items produced ( i.e., sold) annually
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II: For A Linear Model

A linear model assumes a linear interpolation from Pp to Py which is
directly proportional to the fraction of the population not complying, i.e.,
for reliability R, the fraction not complying is ( iFR ), and the probability
of a socially bad result for the non-complying items is

Note that the probability Py is reached only when R = 0, i.e., on]y.

when the entire population fails to comply.

-

In this ¢ase:

3
Cr

2TCk (P; - Pg )

1
-
[}

(1) Ropt,

(2) Ngpt.
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111: For A KEh Power Model

In a KEN power model we assume the transition from Pp to Py s

proportional to the Kth power of the fraction not complying, i.e.,

- _ R K )
g = P * (1-R) (Py = By )

Probability of a socially bad result for each non-complying item

when the population reliability is R

In this case:

o

& K+ 2
(K1) e (P -P)

1 =

(1) Rypt.

(k#1) T°% (Py =Py ) | %32

(2) Nopt.
Gy
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DERIVATION OF THE OPTIMUM RELIABILITY

Our objective is to minimize the total cost where
Total cost = testing cost + social cost

Testing N items at a cost of Cy each gives a testing cost

Ctesting = NCT .

If the population reliability is R, then for T items produced there
would be T ( 1 - R ) which do not comply. These T ( 1 - R )} each have a
probability Pl.p=Pg + (1 -R K Py - Pp ) of producing a socially

bad result (such at death or disabling injury in the case of safety related

o

compliance)

The social cost of having these T ( 1 - R ) not complying is then (at
cost Cp per socially bad result)

the difference

T(1-R)Cp Pig -T(T-R)E Py = T(1-R)E (P - Py)
= T =R G (- Rg)
Thus, the social cost is

social



DRI STATISTICAL BULLETIN

Bulletin No. 6 ; Page 5

Total Cost

let Y

Then :
- Y = Ctesting * Csocial

Or
N + T(1-R)T ¢ (P - Py )

-
it

i
o

For a Go - No Go Model : K

[}
-—

For a Linear Model: K

With N tested and all passing we estimate the average reliability to be

N+1.
N+ 2

2 R -1
" 1-R

=
n

Hence,

and Y = (g (LEL{Lff%-ii) + T Py - Pg ) (1-Rr)KI

To find the optimum R we differentiate this total cost function with

respect to R and equate the derivative to zero'and solve for R.



DRI STATISTICAL BULLETIN

Bulletin No. 6 Page 6
Thus,
dy _ CT
- S TR G (P - Py )1 =-RIK =0
dR (1-R)2 ! 0
CT
(1-R )K'I'Z =
(k#1) T (P; - Pg)
From this:
1
R = Cr K+2
opt. - - C
2R - 1
Since N = it follows
1-R
that
2!% t 1
Nopt. = <
1 - Ropt.
e 1
(k+1) T (Pp - Po ) &2 "
b “r

Q.E.D,
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TYPICAL COST ANALYSIS FOR A SAFETY ITEM ASSUMING A LINEAR MODEL

‘

Suppose a car‘driver who purchases a car from a manufacturer
whose cars comply 100% with a government standard on a particular safety
item has 1 chance in 30,000 annually of being killed due to impact from
the particular item. Before such a standarg was required there was 0%
compliance, and the probability of a driver being killed in any year due
to impact from the item was 1 chance in 10,000. If the annual sales for
this line of cars is 1 million,‘and if each car test costs $4000 and each
fatality costs $80,000, what is the optimum relfability level for comp-
Jiance, and how large a sample should be tested annually with all cars

o

in the sample passing?

Tabulating The Total Cost

We have T = 100 : Let N = Test Sample Size
_ B 1
) T
CF - $80,000, PO = 30’000
Testing cost = Cr N = 4000 N

"

Sacial cost T(1-R )2 cg (P1 - P ) . (for a linear model)

For N successes in N tria]si R = . ol
N+2

TC. (P - Py )

le .*. social cost = F 1 0
2
(N+2)

(avg. reliability)

1-R =
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WE CAN THUS FORM THE FOLLOWING COST TABLE
FOR DIFFERENT VALUES OF N (THE TEST SAMPLE SIZE)

(1) (2) (3) (4) (5)
5,333,338
4000 N . N+1
N (N+2) (2)+(3) N+2
Cp N TCr (Py - Pg)
, (N+2)2
[ T i i iy
TEST TESTING SOCIAL TOTAL RELIABILITY
SAMPLE coST COST COST LEVEL
SIZE

[T A AT T LT

2 $8000 $333,333 $341,333 .7500
4 $16,000 $148,148 $164,148 .8333
6 $24,000 $ 83,333 $107,333 .8750
8 $32,000 $ 53,333 $ 85,333 .9000
10 $40,000 $ 37,037 $ 77,037 .9167
12 $48,000 $ 27210 $ 75,211 .9286
(6ptimum) _ (Min.Cost) (Optimum)
14 | $56 ,000 $ 20,833 $ 76,833 .9375
16 $64,000 $ 16,461 $ 80,461 .9444
18 | $72,000 $ 13,333 $ 85,333 .9500
20 | $80,000 $ 11,019 § 91,019 9546

{

7777777717 77111 5711111 L L TP
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From this cost table we see that the optimum integral test sample size is

Furthermore, the optimum reliability is

N + .1
Ropt. 0P = 12 = .9286°
Nopt. + & 14
On page 2 we gave the formula for R . in a linear model. This was
Ropt. =
21Cc (Py - Py )
4000

1 1
2x106 0,0 ( -
X100 x 80,000 \ 45 400 30,00#)

" 4000
x'lO x 80,000 x R
30,000

= 1 — 12,000
32,000,000

= ’1 [ .000375 - .07211 = .92889
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Also on page 2, the formula for Nopt. is
3 c
eI ( Py = Po )
N = - 2
opt.
by
3
6 1 _ 1
-y J@d0" RE00 (m,ooo 30,000) -
4000
32,000,000 5
12,000
= 2666.667 - 2
= 13.86722 -2
= 11.86722
= 12 (to nearest integer)

The cost table thus agrees with the optimum values of N and R as found

from putting dy equal to zero.
dR



DRI STATISTICAL BULLETIN

g Bulletin No. 6 Page 11

Optimal Compliance Tesfing When N Measurements Are Weibully Distri-
buted With Slope Z- And A Maximum OFf Xy -==Xo = STD.
(Assuming a KER power model)

The total cost Y 1is given by

= NC. T } C 5y K
b NCT + CF ( P.I PO ) (1-R)

N = Test sample size
B CT = Cost per test item
Ck = Cost per socially bad result
T = Total annual sales
H

P = Probability of a socially bad result when the population
has 0% compliance

Pg = Probability of a socially bad result when the population
has 100% compliance

R = Reliability (with regard to compliance)

K = Exponent in the assumed model, such that the probability
of ? socially bad result for non-compliers (when reliability
= R) is

" K
P'I_R-Po'l'(.["R) (P]'Po)
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In case the N measurements (which are all supposed to remain
below the gov't standard of Xo ) have a Weibull distribution of

slope /d—, it follows that the reliability is (on the averagel

'Xo'zﬁ ]
-(NH)'(K) - 1-(N+1)'}E

R = 1
(XN = largest of the N measurements)
@& ooy e
- = + - — - II‘
1 -R (N 1) %y <N+1) D
X
N
(@ - L— =1
0

- k1
Y = Ne; +Cl (P - Pg)(N+1) P&

setting —%_ = 0 we obtain
dN

K+1
I‘. —""7:_]
%=CT-CFT (PI-PO)—%H(N+I)€ = 0

from this we obtain

— —

Cr £% -

——
—
ot
s
+
-
S

Nopt.

—
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- K-
Then Ropt = 1 = Nopt + 1) ¢
— 7 v
! - 0% 1
2
or  Ryp, = 1 - 1 © K+l + €
X
€. e =
Xo
/ L
Pl" _ XN fb/‘ _ - @ «’5
= : = In (N+1)
X0 Xo

the relation between Xy and & is

tg: i
X - 6|m ) SO MmT (n+1)
N
]_
N+
X
thus, = N =
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NUMERICAL EXAMPLE

~

Suppose T = 10°
1
= ¢ P = —
bp= @00 1 10,000
1
C. = $80,000 Py =
F
30,000
i , o+
-= 2 ; = .9 = @
dézj/kweibuii) <<A];ax. observed
\ Slope (value is 90%)
of STD. XO
Then (assuming a 1inear model with K = 1)
1
— -
2 C=T (P - Pp) 1+ 2
Nopt. = i - ]_3" ’ 1 £3 — ]
LG ¢ —t
T ( 1 1 ) I
_ | 2 x 0,000 x 106 \Toj000__~ Tao,o00/ | '+ EAM
4000 x .81 '
o
.
3.46914
= (3292.181) . -
= 10.373 -1

9.313 or 10 (to next integer)
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Trhus, 10 of these items shouid be tested annuaily provided the

largast of 10 is 90% of the Gov't spec. X .
G

In case Nj = 10 we can calculate the optimum reliability as foliows:

pt.
#=
Ropt. = 1 (Nopp.* 1)
-1
= -l —(1}} cbl
i . - 1.23457
= - (??)
= ] - .0518
= .9482
For the fractional value of Nopt. = 9.313 the theoretical optimum

reliability Ropt. is

\
Ropt. = 1 - (10.313) -8

I
-



